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1. Introduction

There are numerous industries that use axially moving systems such as papers, textiles, metal sheets, polymers, and
composite materials. Application of these systems yields better performance and supports mass production and high-
speed automation. However, mechanical vibration of the moving material (in both longitudinal and transverse directions),
especially in high-speed precision machine systems, becomes the main quality- and productivity-limiting factor. Such
vibration must be suppressed, and in many industries, the transport velocity of the moving material is required to be
controlled in order to track time-varying velocity as well as constant velocity profiles. Moreover, it is well known that
variations of transport velocity can result in vibrations of the moving material. Therefore, the prompt transverse and
longitudinal vibration suppression together with the transport velocity control is desirable for axially moving material
systems.
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To solve the transverse vibration control problems of axially moving systems [1-7] and of flexible string/beam systems
[8-12], many researchers have investigated the application of control actions at the left or right boundary [13-21]
(a measure known as boundary control), because the provision of control inputs through a supporting roller is more cost-
effective than the addition of an extra actuator at a middle point in the system. These achievements were all predicated on
the Lyapunov method, by which control laws to reduce vibration energy to zero are derived using Lyapunov function
candidates based on the total mechanical energy of the moving system. These control laws incorporate the measured
signal of the transverse displacement along with the time rate of the slope of the moving material at the boundaries, both
obtainable via laser sensors at the boundary points [16]. Therefore, in so far as actuators and sensors can easily be
assembled at the boundaries, the boundary control method can be a practical control solution for axially moving material
systems. Fung et al. [15] developed a boundary control scheme for an axially moving string, in which an adaptive boundary
control law was applied to a mass-damper-spring mechanism to suppress transverse vibration. Li et al. [16] introduced an
adaptive isolation scheme for an axially moving string divided into two spans by a transverse force actuator in order to
reduce the transverse vibration of the controlled span to zero under bounded disturbances in the uncontrolled span.
Nguyen and Hong [21] proposed two schemes of robust adaptive boundary control for an axially moving string of
unknown system parameters under spatially varying tension and unknown boundary disturbance.

In recent years, there have been many papers published on velocity and tension control of axially moving material
systems [21-27]. These studies considered only the longitudinal dynamics of the moving material as represented by either
ordinary differential equations [22-25] or partial differential equations (PDEs: [26,27]). Koc et al. [22] developed an
H-infinity robust control strategy with varying control gains for unwind/rewind sections under the radius variations of
unwind/rewind rollers. Pagilla et al. [23] proposed a decentralized control scheme for a web processing line, based on a
dynamic model taking into account the radial and inertial variations of unwind/rewind rollers. Zhao and Rahn [27] applied
an iterative learning control algorithm to an axially moving string system, enabling precise tension and velocity regulation.

Thus far, little research has been devoted to investigating the vibration control of an axially moving system together
with its transport velocity control. Nagarkatti et al. [3] was the first paper to study coupled vibration and velocity control
for an axially moving string wherein axial velocity was regulated by two control torques driving rollers at the boundaries,
and where transverse vibration was suppressed via an actuator in the middle of the web span. In this investigation,
however, the longitudinal motion of the string was neglected. It should be noted that the torque used to regulate the axial
velocity affects not only the material tension but also the longitudinal motion as well and, consequently, the transverse
motion [28]. Therefore, for coupled vibration suppression and transport velocity control, the control scheme should be
designed to suppress both longitudinal and transverse vibrations. On this premise, we developed an active control scheme
that suppresses both the longitudinal and transverse vibrations of an axially moving string system and regulates its
transport velocity in order to track a desired profile. The scheme incorporates a hydraulic actuator equipped with a damper
at the right boundary and applies separate torques to the left and right rollers, as shown in Fig. 1.

Contributions of this paper are the following. First, a dynamic model including the longitudinal and transverse
dynamics and three actuators dynamics (one hydraulic actuator and two rollers) was derived using the Hamilton’s
principle, where the material tension (spatially varying tension) is considered as a nonlinear function of the string slope
and the change in length of the longitudinal displacement. Second, a control scheme for simultaneous suppression of
longitudinal and transverse vibrations and velocity regulation was designed using the Lyapunov method. The scheme
consists of three control laws that generate the required signals for the force exerted by the hydraulic actuator and the
torques at the left and right rollers. Third, the scheme guarantees the asymptotic convergence of the longitudinal and
transverse vibrations and velocity tracking error to zero.

The rest of this paper is organized as follows. Section 2 presents the dynamic model of the considered system (an axially
moving viscoelastic string system), in which two nonlinear PDEs govern the longitudinal and transverse displacements,
respectively, and the boundary conditions determine the dynamics of the actuators. Section 3 introduces the proposed
control scheme design, wherein the spatially varying tension is considered explicitly. A Lyapunov function-based stability
analysis of the closed-loop system and the proof of asymptotic stability also are discussed. Section 4 includes numerical
simulation results that illustrate the effectiveness of the proposed control scheme. Finally, Section 5 draws conclusions.
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Fig. 1. Schematic of an axially moving string system driven by two rollers with a hydraulic actuator at the right boundary.
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2. Problem formulation

Fig. 1 shows a schematic of the axially moving string system driven by two rollers at the boundaries, which are used to
control the longitudinal vibration. For transverse vibration suppression, a control mechanism that includes a hydraulic
actuator and a damper is located at the right boundary. The left boundary is fixed, restricting the movement of the string in
the vertical direction. Conversely, at the right boundary, the control mechanism allows for transverse (vertical) movement
of the string in accordance with the hydraulic actuator dynamics.

The axially moving string travels between the two rollers at a time-varying transport velocity v(t) in the x-direction.
Let [ be the distance between the two rollers, A the cross-sectional area, p the mass per unit length, c, the viscous damping
coefficient, and E the Young’s modulus. The longitudinal displacement u(x,t) and the transverse displacement w(x,t)
represent the motions of the string in the fixed inertial frame Oxy. For notational convenience, instead of u,(x,t) and u/x,t),
u, and u, are used, and similar abbreviations are employed subsequently.

The kinetic energy of the axially moving string is represented as

1
K= %/0 PUV+Ue+ V)% 4+ (W 4+ vWy)?} dX + %mwf(l,t)+ ;?{uf(o,t)Jruf(l,t)}, (1)

where m is the lumped mass of the hydraulic actuator, and J and R denote the moment of inertia and the radius of the two
rollers, respectively (the two rollers are assumed to be exactly the same). The potential energy is obtained as

U= % /0 'Tedx )
The spatially varying tension T in Eq. (2) is given as [28-30]
T =To+EA(Uuy+w2/2), (3)
where Ty is the tension of the undisturbed string. The displacement-strain relation ¢ is expressed as
e=ux+w?2/2. (4)
The virtual work done by the non-conservative forces is computed as
OW = (11(t)/R—Tp1)ou(0,t) + (t2(t)/R+ Tpr)ou(l,t) +f(t)ow(l,t)
—/Olcy(w[+vwx)(5wdx+cawf(l.t)(iw(l.t), (5)
where the material tensions in the respective adjacent spans (T,; and Ty;) are assumed to be constant, 7,(t) and t,(t) are

the control torques applied to the two drive rollers, f{t) is the control force exerted by the hydraulic actuator, and ¢, is the
damping coefficient of the damper (Fig. 1). The virtual momentum transport across the boundaries is given as

(5M=pv(v~(5r)}g, (6)

where the displacement vector r and the velocity vector v are given as
r=(x+ui+wj, (7)
V= (V4 U + VUi + (W + UWy)j, (8)

where i and j are the unit vectors in the x- and y-directions, respectively.
Using the extended Hamilton’s principle [31-34], the governing equations of motion for the axially moving string
system with longitudinal and transverse motions, respectively, are derived as

(Ut + Dty + 20Uy + V2 Uy + 1) —(EA(Ux +W2 /2)), = 0, 9)

PWep + T Wy + 2UWyp + U2 Wyy) + Cp(We +vWi)—((To + EA(tx + W2 /2))Wy), = 0. (10)

The boundary conditions are obtained as

2
%u”(o,t)—EA (ux(O,t)+ Wx(zo‘t)> = “Tft) —Tp1 +To, (11)
2
%un(l,t)+EA (ux(l.t)+ %”)) = Tszt) +Tpa—To, (12)
w(0,t) =0, (13)
mwee(,6) +[To +EA(ux(l,t) + W2(1,£)/2)IWx () + (Ca— pr)We (L, t)— pr2wi(L,t) = f(0). (14)

The initial conditions are given as
ux,0)=g;(x), us(x0)=g,(x), wW(x0)=hi(x), wix,0)=hy(X). (15)
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The relationship between the torques and the transport velocity is given as

2N .
(p1R+ %)v(t)=r1(t)+rz<t>+(Tb2—Tm>R. (16)

Remark 1. As shown in Egs. (9)-(14), the actuators are coupled with the string system, where Eqgs. (11) and (12)
determine the dynamics of the two drive rollers in compliance with the torques 74(t) and 7(t), and Eq. (14) represents the
dynamics of the hydraulic actuator in compliance with the force f(t). Therefore, to achieve the stability of the coupled
system Egs. (9)-(14), not only the convergence of the longitudinal and transverse displacements to zero needs to be
obtained, but the convergence of the motions of the actuators to zero must also be satisfied.

Remark 2. The torques 7(t) and 7,(t) affect not only the transport velocity v(t) but also longitudinal displacement u as well as
the material tension T, as shown in the tension formula (3), the boundary conditions (11) and (12), and the transport velocity
dynamics (16). Consequently, the longitudinal displacement can change the transverse dynamics of the string through the
change of the longitudinal displacement u,, as shown in Eq. (10). Therefore, when vibration suppression and velocity control
are coupled, the control scheme has to be designed in consideration of both the longitudinal and transverse dynamics.

3. Control formulation

The control objective is to suppress the longitudinal and transverse vibrations and to regulate the transport velocity to
track a desired profile. Based on the Lyapunov method, a control scheme employing control force f(t) and control torques
71(t) and 7,(t) is designed to achieve the asymptotic convergence of all the longitudinal and transverse vibrations and the
velocity tracking error to zero.

The velocity tracking error is defined as

e(t) = v(t)—vqy(t), (17)
where vg4(t) is the desired velocity. Using Eq. (17), Eq. (16) is then rewritten as
2\ . . 2
(le+ %)e(n = 11O+ 2O+ Ty ~Ty)R— () (le+ %) (18)

The desired transport velocity of the string, its time derivative, and the initial velocity tracking error are assumed to be
bounded as follows:

[va®] <&, V)] <&, e(0)] < &s, (19)

where ¢&; (i=1, 2, 3) is a positive constant.
Based on the total mechanical energy of the string, the following function is introduced:

!
Vit)y=a (Vo(t)+ % / EAu,w? dx> +BV1(0), (20)
0
where o and f§ are positive constants, Vo(t) is defined as

! ! ! I !
Vo(t) = 1/ PV +Up+ vy dx+ 1/ PWe+vwy)? dx+ l/ EAu2 dx+ l/ Tow?dx+ l/ EAW? dx+ %uz(l,t)
2 0 2 0 2 0 2 0 8 0 41

J 1 201 2 1
+ ﬁ(uf(o.t)+uf(l,t))+ 5m <wt(l,t)+ <v+ 7) wx(l,t)> +wWi({lo | + zez(t), (21)
and V,(t) is given as

!

Viit)=2p (/ X{Ux (V4 Ug 4+ VUy) + Wi (W 4+ UWy )} dx) . (22)
0

Now, the following control laws are proposed:

f()=—kp (t)wt(l,t)+kfz(t)wx(l,t)—pvzwx(l,t)+(ca—pv)wt(l,t)—(v+2ﬁl/oc)mth(l,t), (23)

+ BIEAuy (L w2 (,H)—

EAR {M —ou(w+ el 6) + viue(l, ) (ux(L )

T1(t)= — A

A BEA (1_ 1 )uz(m_(u?(O.t)+u%(l.t)>

7 2](11 krl

+W2(L,1)/2)+ o1 (0,6) + vy (0,0)(ux(0,6) + W2(0,t) /2)— E’zif‘ u(l,tyue(l,t)— BEAILA(L,t) + avuy (0,6) + oomwy (1, )wie (L, )

+ Bpl(we(l, )+ vwy(l, )2 — Bpl(w +ue(Lt) + vty (1, ) + % [(g —ut(O,t)> un(O,t)—u[(l,t)un(l,t)] } (24)
T2(t) = (PIR+ 2] /R)D 4(t)—k2€(t)—T1 () + (Tp1 —Tp2)R, (25)

where kp(t) and kp(t) will be determined later, and k.; and k;, are the positive control gains.
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Remark 3. In implementing the control laws (23)-(25), the transverse displacement w(l,t) can be measured with a
displacement sensor attached to the hydraulic actuator. The slopes of the string, w,(0,t) and w,(l,t), can be obtained by
using two laser sensors at each boundary [16]. The backward differencing of such signals can provide w,(l,t) and wy(Lt).
By multiplying the roller angle oscillations (measured by means of the encoders on the two rollers) by radius R, the
longitudinal displacements at the boundaries, u(0,t) and u(lt), can be determined [35]. Subsequently, the signals u,(0,t),
u(Lt), ug(0,t), and u.(L,t) can be obtained through the backward differencing of u(0,t) and u(Lt). Using the values of the
material tension, T(0,t) and T(lt), as measured by the tension sensors near the two rollers and the material tension formula
(3), the values of u,(0,t) and u,(Lt) can be estimated. Finally, the transport velocity v(t) can be measured with the
tachometer on the right roller.

Preliminary to the stability analysis of the closed-loop system, four lemmas are established as follows.

Lemma 1. If the initial tension Ty and the two positive constants oo and f in (20) satisfy the following inequalities:

To > max(3p/2,EA(V5-2)/4), (26)

o> 2pl/[1-EA(V5-2)/(4Ty)], (27)
then the following holds:

0 <y Wi (t) < V(b)) <y, Wa(d), (28)

where

1 1 1 1 1
Wi(t) = / (ut+vux)2dx+/u,%dx+/(wt+vwx)2dx+/ wﬁdx+/wj§dx+u2(1,t)/21
JO

+u2(0,0) + U (Lt) + WA (L) + [we (L) + (v + 2Bl oyw (L, D] +-€2(¢), (29)
W (t) = Vo(0), (30)
o= Zﬁl)p o[1—EA(v5-2)/(4To)]-2pl (V/5-2)0FA o« of om
n= Z 85 2R 2 GU
vy =(1++/5/2)a+2pL (32)
Proof. Using the inequality (a? +b2)/2 > ab, we obtain
] ]
E/ EAu,w?dx < aEAﬁ/ w2 dx+ O(EA/ widx, (33)
2 Jo 4 Jo
! 9] 1
2[f/ pxux(v+u[+vux)dxgﬁpl/ u,%dx+[fpl/ (V+u;+vuy)? dx, (34)
Jo Jo Jo
] ] ]
2[3/ pxwx(wt-H/wx)dxsﬁpl/ wfdx+[3pl/ (We+vwy)? dx. (35)
0 0 0
Since 2u2 <w? [28-30], we have
] 1
2/ ufdxs/wﬁdx. (36)
0 0
Utilizing Egs. (33)-(36), we arrive at
V(t)<ocVo(t)+—/ EAuzdx+—/ EAW4dx+Bl/ P+ U+ vuy)? dx+ ﬁ/ pwzdx+ﬂl/ P(We+vwy)? dx
<[ +~5/2)0+2pNVo(t). (37)
Similarly, we have
N ol 'l
V(t)>avo(t)——/ EAuzdx——/ EAW“dx—3—ﬂl/ pwfdx—ﬁl/ p(wt+vwx)2dx—/31/ P+ U+ vuy)? dx
0 0
1 I
S (a—iﬁl)P/ (U + Vi) dx+ u[1—EA(f—22)/(4T0)]—2ﬁl/ u)z(dx+(0<—2ﬁ1)P/ (We+ vwy)2 dx
0 0
a[1-EA(V5-2)/(4To)-2B81 ' , (v/5—2)0EA W oEA of
+ ] A WXdX_'_W A d +Tu (l t)+ (ut(O t)+ut(l t))
+ T WALD + P WD+ 0+ 2Bl 0w LOP + 5 €0 > vlwlam (38)

The lemma is proved. O
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Lemma 2. The time derivative of the function V(t) satisfies the inequality
V() < —AW(t), (39)
where / is a positive constant.

Proof. Differentiating Eq. (20) with respect to time yields

. . ! EA ! .
V(t)=aVo(t)+aEA / (Wit + VWi JUx Wy dx + OCT/ (Uxt + Vi) W2 dX+ V1 (8). (40)
0 0

Using Egs. (9) and (10), Vo(t) is derived as
. 1 1 1
Vo(t)= / (V4 e+ vuy)(EA(Uy + W2 /2)) dx + / EA(Uxe + Vg ) Uy dX + / (We +vwy)(To + EA(uy 4+ w2 /2)wy), dx
JO 0 JO

1 1
+ / (Wxt + vWx)(To + EAWZ /2)wy dX—c, / (We +vwy)? dx+EAu(l, e (1,6) /21 J (e (0, £)uee (0, £) + ue (1, D)utee (1,£)) /R
0 0
+mwe(Lt)+ W+ 2B/ cwx (L DN[Wee (L) + (v + 2 Bl /cywxe (1, )] +e(D)e (). (41)

Furthermore, V(t) is obtained as

) ! 1 1 !
Vi sﬂp[x(u[+vux)2]6+[3EA[xuf]{,—,8p/ (ut+vux)2dx—[3EA/ u,z(dx+2[fEA/ xuxwxwxxdx—(/fp—[fc,,l/al)/ (W +vwy)? dx
0 0 0

1 1
—([fTO—[)’C,,lm)/ w2 dx—ﬁEA/ uw? dx— ﬂEA/ wi dx+ﬁEA/ XUy W? dx
0 0

I
+BEA / KWW dx+ BITLOW(E) + Bpliwe(l,t) + vwi(L ). (42)
Jo
In deriving Eq. (42), Egs. (9) and (10) and the following inequality were used:
I I I
2 / XWy(We+vWy)dx < loq / wﬁdx+ JL/ (Wr—H/wX)Z dx, (43)
Jo 0 1Jo

where g, > 0. Substituting Eqgs. (41) and (42) into Eq. (40) and using the boundary conditions (11)-(14), Eq. (40) is
rewritten as

1 1 1 1
Viy<—pp /0 (V+ue+vux)* dx—(p+(—phey /o1) /0 (Wi +vwy)* dx—BEA(1—1/2k+1) /0 u} dx—pB(To—cylo1—EA/205) /0 w; dx

g
- w / wh dx—aww?(0,6)T(0,6)— BEAWA(0, ) + BEAIWA(L D) + BIT(L WA (L, t)
0

+ow(LOwy(LOTA D) +ovw2 (O T, )+ {awe(L,O)+ (o + 2w (L) }{f () — (Ca— p)We (L) —T(x, Hwi(L,t)
avti(t) ov(Tpy—To) ovf
EAR EA EAR?
+oww?(0,t) /2—0oitt (0, )1ty (0,8)—orwu2 (0, 6)—vur (0, )W (0, ) /2 — oy (0,0)w2(0,t) /2 + EAciu(l, tyue (L, t) /214 BEAIZ (L, t)
+ Bplwe(L,6) + vwi(l,0))? +omwi(L,HWae(l, £)+ Bplw + ue(l, £) + vite(l, £))? +Jo[ue (0, E)uee (0,6) + e (L, Htee (L] /R: +e()e(£).  (44)

+ pv?wi (L) + (v + 2Bl ymwi(, 6} + o +ue(Lt) +vux () (uxdt) +w§(l, t)/2)+

ue(0,t)

It is noted that the following inequalities were used in deriving Eq. (44)

I
/xuxxw dx+2/ XUx Wy Wiy dX < [XUWS ]0+2’1 / u2dx +’<n/ widx, (45)

1 1 1
,/ uxw)zcdxgl l/uﬁdx+az/wj§dx , (46)
0 2\02Jo Jo

where g5 > 0. Substituting Eqs. (24) and (25) into Eq. (18), we have
. k:oR
et)=— e(t 47
() IR 1] e(t). (47)
Substituting Egs. (23), (24), and (47) into Eq. (44), we obtam

1
V(t)sfﬁp/o (v+u[+vux)2dx—<ﬁp+(a ﬁl)c")/ (We +vwy)? dx— ﬁEA(l—Zkﬂ) </ ;llt)>

!
—ﬁ(To—Cl,l(n—ﬂ)/ wﬁdx—w/ wi dx—oww?(0,6)T(0,t)— BEAIWL(0,t)
202) Jo 4 Jo
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—OoWEAU2(0,8)—0tkpy W2 (L, )+ [otkpn —Kpq (0cv + 2 D) wie (L H)wi (1, £)

BT 20— L2 21y K2R
[BITo—(ow+2BDkpr Wil t) T (ur (0,0 +u;(Lt)) le2+2]e (t). (48)
Now, ks (t), kp(t), and kq are chosen to satisfy the following conditions:
ke1(t) = afiTo /2(av +2B1)?, (49)
ke () = —BITo /2(ccv +2[1), (50)
3/2>kq >1/2. (51)

Since the value of Ty is sufficiently large, there exist sufficiently large «, 5, and sufficiently small g, and 5 such that the
conditions (26) and (27) and the following inequalities hold:

n = Bp+@—phey/o1 >0, (52)
n, =1-1/2k.1) >0, (53)
13 =To—cylo1—EA/(203) > 0, (54)
N4 =[3-2(02+k:1)]/4>0. (55)
Then, the inequality
V()< —IW1(H) <0 (56)

is obtained, where

. ﬁlTo(Xz 1 kng
A= N+,PEAN,, ,BEAN,,BITy, VT . 57
mm(ﬂp 11, BEAN, 13, BEAN 4, BITo 2w 12602 ket IR +2) (57)
The lemma thereby is proved. O
Lemma 3. (Do and Pan [9, p. 785]). Given z(x,t) : [0,]] x RT - R, the following inequalities hold:
! I
/ Z2(x,tdx < lez(O.t)+4lz/ Z2(x,t)dx, (58)
0 0
I !
/ Z2(x,t)dx < lez(l,t)+4lz/ Z22(x,t)dx, (59)
0 0
[ N
Z2(x,t) <Z%(0,t)+2 / Z2(x,t)dx / Z2(x,t)dx, (60)
0 0
I 1
22,0 <221t +2 / Z2(x,t)dx / 22(x,0)dx. (61)
0 0

Lemma 4. (Fung et al. [13, p. 437]). If z(x,t) : [0,]] x ™ — N is uniformly bounded, {z(x,t)}xc[o IS equi-uniformly continuous
in t, and lim; .., [} |z(v)|*dz exists and is finite, then lim,_. .| z(t)|| =0.

Theorem 1. Consider the system (9) and (10) with the boundary conditions (11)-(14). kn(t), ke(t), k.1, and ky in
Egs. (23)-(25) are selected to satisfy the conditions (49)-(51). Then, the control laws (23)-(25) guarantee the uniform
asymptotic convergence of the transverse and longitudinal vibrations and the velocity tracking error to zero.

Proof. Consider the Lyapunov function candidate (20). Using Eq. (56), Lemmas 1, and 3, we have

P1Wi(t) < V() < V(0) < oo, (62)
! 2 I
41?/0 wdx < ”é’l't)+/0 12 dx < Wi (t) < oo, (63)
1 1 1
P/szdxg/OW)Z(d><§W1(t)<oo, (64)

ol 1
/uzdx:/(ut+vux)2dX§W1(t)<oo, (65)
0 0]
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! I
/ W dx = / (We+ 1wy dx < W (£) < oo, (66)
Jo Jo
1
/ wh dx < Wi (b) < oo, (67)
0
e2(t) < W1 (t) < oo. (68)
Define
. 12
|ux,0)|| = (/ uz(x,t)dx> , (69)
Jo
. 1/2
[wx,t)| = </ wz(x,t)dx> . (70)
0

Using Lemma 3 and Egs. (63)-(66), we obtain

1 1
uzsuz(l,t)+21// uzdx\// u2dx < oo, (71)
0 0
] ]
w? <2 /wzdx /w)%dx<oo, (72)
0 0

P+ i P 4 v < 212 <00, = min(.1), (73)
73 41
V(e < =gl i+ w4 ] . (74)
From Eqs. (71) and (72), it can be concluded that u and w are bounded. Eq. (74) implies that
7 ul? de < (V0)—Vi(o0))/(275) < 00, (75)
0
/0 w2 dt < (V(0)~Vi(c0)) /(i) < oo (76)
Since
d 2 L PP 2 a2
Sul ):/OZuudxs/o(u +i?ydx < [ul? 4 i2]? < oo, (77)
d 2 ! . ! 5 .9 2 .2
a(HWH )=/02wwdxs /O(W +W)dx < [w||” +||W|” < oo, (78)

{u(x,6)}xeo,y and {w(x,t)}xc[o, are uniformly bounded and equi-uniformly continuous in t. Using Lemma 4, Egs. (75) and
(76) imply that lim;_,||u(x,t)|| = 0 and lim,_, |w(x,t)| = 0, respectively. Using Eq. (56) and Lemma 1, we obtain

V(t) < —2Ay5e3(b), (79)
which implies
/oo etydr < VOV (80)
0 AV3

Using Egs. (47) and (68), we have that é(t) is uniformly bounded. It follows from Barbalat’s Lemma [36, p. 192] that
lim;_, . |e(t)| = 0.

Sinc‘e Wl‘(t) is bounded, the boundedness of the total mechanical energy of the string system is obtained. From an
engineering viewpoint that if the energy of the string system is bounded, then all the signals that constitute the governing
dynamic equations will also be bounded, the following assumptions are made [3,14,16]: (i) If the kinetic energy of the
string system (1) is bounded, then u,, u,, W, and wy, are bounded. (ii) If the potential energy of the string system (2) is
bounded, then u,, t, Wy, and wy, are bounded. Using Eq. (9) and the above statements, we have that u, is bounded. Since
e(t) and é(t) are bounded, Egs. (17) and (19) imply that v(t) and v(t) are bounded. Finally, it is concluded that the control
laws (23)-(25) are bounded. O
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4. Simulations

The finite difference method was employed to find an approximate solution for the PDEs with the boundary conditions
(9)-(14). The convergence scheme is based on the central (for the string span) and forward/backward (for the left/right

Table 1
System parameters used in numerical simulation.

Parameter Definition Value
A Cross-sectional area 0.4 x 0.001 m?
E Young’s modulus 1.2 x 106 N/m?
Ca Damping coefficient of the damper 0.25 Nm/s
cy Viscous damping coefficient of the string 0.001 Nm?s
] Moment of inertia of the roller 0.2 kg m?
I Distance between two rollers 4m
m Lumped mass of the hydraulic actuator 10 kg
R Radius of the roller 0.1m
To Initial tension 1000 N
Th1 Tension in the left adjacent span 2000 N
Tha Tension in the right adjacent span 400 N
P Mass per unit length 2.7 kg/m
@ 2.5 T T T T T T T T T

v(t) [m/s]

8 10 12 14 16 18 20
Time [s]

—

O

-
(=]
(3]

e
—
!

o
-
1

Velocity tracking error e()
o

_072 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time [s]

Fig. 2. (a) The regulated transport velocity (solid) obtained by Eq. (16) and the desired velocity profile (dotted) and (b) the velocity tracking error.
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boundary) difference methods. The system parameters used in simulations are listed in Table 1. Let the initial conditions of
the string be u(x,0)=0.1 sin(7x/l), u{x,0)=0, w(x,0)=0.5 sin(nx/l), and w{x,0)=0. In the simulation, the transport velocity
was regulated to track a typical velocity profile (dotted line) widely used in practice, as shown in Fig. 2.

The dynamic responses of the axially moving string were simulated in two cases. In the first case, the longitudinal
vibration suppression was not focused. The control force f{t) was selected as (23), where kq(£) and kp(t) were given as (49)
and (50). Since the torques 74(t) and 7,(t) were used only to regulate the transport velocity, the control laws

T1(t)=0, (81)

T2(t) = (PIR+-2J /R)V 4(t)—kr2€(t) +(Tp1 —Tp2)R, (82)

were proposed, where k.1 =0 and k.>=40. The positive constants ¢, f§, 61, and o, were chosen according to the inequalities
(52), (54), and (55) as follows: «=10, f=0.1, o1=1, and 6,=0.3. In the second case, the proposed control scheme
(23)-(25) for suppression of the longitudinal and transverse vibrations and regulation of the transport velocity was applied
to the closed-loop system. The control gain k;;=1.1 was chosen. kg (t), kg(t), k.2, o, B, 01, and o, were maintained as in the
first case.

It should be noted that the velocity tracking error dynamics (47) is also obtained with the control torque laws (81) and
(82). Therefore, the asymptotic convergence of the velocity tracking error to zero can be achieved in both simulation cases,
as shown in Fig. 2. With regards to vibration suppression, good convergence of the longitudinal and transverse vibrations
cannot be achieved with the control laws (23), (81), and (82), as shown in Figs. 3 and 4. In that case, as shown in Fig. 3a, the

@ 015 . . . . . . ; ; ;
0.1

0.05

u(0.5L1)
o

-0.15 | | | | | | | | |
0 2

0.1 1

0.05 1

u(0.5L,1)
=
?

_0.15 1 1 1 1 1 1 1 1 1
0 2 4 6 &8 10 12 14 16 18 20

Time [s]

Fig. 3. Longitudinal displacements at x=1I/2: (a) without longitudinal vibration suppression (the control laws (23), (81), and (82) are used) and (b) with
longitudinal vibration suppression (the control laws (23)-(25) are used).
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@) 0.6 T T T T T T T T T

0 2 4 6 § 10 12 14 16 18 20

® o6—————

04} 1

‘s
—=

_0.6 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time [s]

Fig. 4. Transverse displacements at x=1/2: (a) without longitudinal vibration suppression (the control laws (23), (81), and (82) are used) and (b) with
longitudinal vibration suppression (the control laws (23)-(25) are used).

longitudinal vibration decreases very slowly; that is, when the transport velocity reaches zero at t=20, the value of the
longitudinal displacement is not acceptable (i.e., u(0.51,20)=0.09, 90 percent of the initial value). As mentioned in Remark
2, the longitudinal displacement affects the transverse displacement through the material tension. Therefore, when the
longitudinal vibration cannot be suppressed, transverse vibration suppression with the control force (23) requires a great
amount time: As shown in Fig. 4a, after 20 s, the value of the transverse displacement is still large (i.e., w(0.5,20)=0.05,
10 percent of the initial value). As shown in Figs. 3b and 4b, the use of the proposed control scheme (23)-(25) provides the
asymptotic convergence of both longitudinal and transverse vibrations; in other words, the longitudinal and transverse
vibrations are suppressed completely within 1s. As shown in Egs. (9) and (10), the axial acceleration of the string v(t)
affects to both the longitudinal and transverse dynamics. Therefore, when v(t) changes (at the beginning of a transport,
at the transition point between acceleration and constant velocity, i.e., at 5s in Fig. 2(a), and at the transition point
between constant velocity and deceleration, i.e., at 15 s in Fig. 2(a)), the longitudinal and transverse vibrations occur, as
shown in Figs. 3(b) and 4(b). Fig. 5 shows that the oscillation angle of the left roller (u(0,t)/R), the oscillation angle of the
right roller (u(Lt)/R), and the hydraulic actuator displacement (w(l,t)) converge to zero. In Fig. 6, the control force and the
two control torques are plotted.

5. Conclusions

In this paper, a control scheme for suppression of transverse and longitudinal vibrations and regulation of transport
velocity was developed for an axially moving string system. The control scheme incorporates the control force exerted by
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Fig. 5. Convergence of the motions of the actuators: (a) the oscillation angle of the left roller u(0,t)/R, (b) the oscillation angle of the right roller u(l,t)/R
and (c) the hydraulic actuator displacement w(lt).

the hydraulic actuator equipped with a damper at the right boundary and two control torques applied to the two drive
rollers. With regards to the dynamics of the axially moving string, two nonlinear PDEs representing the longitudinal and
transverse motions of the string, respectively, were derived with reference to the spatially varying tension. Based on the
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Fig. 6. The proposed control laws: (a) control force f(t), (b) control torque 7,(t), and (c) control torque 7,(t).

energy of the axially moving string system, the Lyapunov method was employed to generate control laws. The stability of
the closed-loop system, insofar as the longitudinal and transverse vibrations and velocity tracking error asymptotically
converged to zero, was proved.
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